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Thermalization in Closed Quantum Systems

I’m interested in the general problem of thermalization in a closed 
quantum system.  That is, I imagine pumping energy into a system:

and then ask what is its subsequent long time behavior.  And when 
I say the system is closed, I am imagining that it is coming to 
equilibrium via interactions with an outside world (there is no bath).  

t<0 t=0



Long Time Behaviour

Observable  hO(t)i
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time, t

“Equilibrated”
value of hO(t)i
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But what does equilibrated mean? Can we use 
notions from standard statistical mechanics to 
describe this late time value? 

t=0, point 
at which 
energy is 
input
into the 
system,
i.e. a 
quantum
quench



Long Time Behaviour and Eigenstate Thermalization 
Hypothesis

The answer is yes.   We can relate the long time behaviour
to the microcanonical ensemble via a conjecture known as
the Eigenstate Thermalization Hypothesis.

This hypothesis, put forth by Mark Srednicki and David 
Deutsch, postulates that physical observables,      , when 
evaluated on an eigenstate of the system’s Hamiltonian of 
energy E,       ,

is a smooth function of E.
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Exceptions to the Eigenstate Thermalization Hypothesis

But there are exceptions to the eigenstate thermalization 
hypothesis.  And this is really what my talk is about:

There is one exception that I won’t be talking about:

The system has a set of additional conserved quantities 
beyond energy, i.e. the system is integrable.  

Now this can be a very interesting subject in and of itself.
But I am going to be interested in the case where 

is not a smooth function.  States that violate this hypothesis
are known as rare states.
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Periodic Driving: Other Exceptions to ETH (?)

ETH has wider consequences than governing the long time behaviour
after a quantum quench.  It also has consequences for systems under 
periodic driving (with period, T).

We know from the Floquet theorem that at stroboscopic times, t=nT, the 
time evolution operator can be written in terms of a Floquet Hamiltonian, 
HF:

If the spectrum of HF satisfies ETH, we (generically) expect the system to 
heat to infinite temperature (D’Alessio and Rigol – PRX 4, 041048).

We are going to consider a possible exception to this rule in the periodic 
driving of a 1D Bose gas.

U(t = nT ) = einTHF
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Outline

1. Eigenstate Thermalization Hypothesis (ETH) and Rare States

2. Rare States in 1D Quantum Ising
- Bound states in 1D quantum Ising: Anomalous 
Thermalization
- Bound states as rare states

3.   Dynamical Localization in Periodically Driven 1D Bose Gases



Eigenstate Thermalization Hypothesis
and Rare States



We imagine our system is initially in a state                       where the       
are eigenstates of a Hamiltonian H with energies distributed narrowly 
about some energy E.

Suppose further that we have an observable      and ask what its long 
time value is, i.e.

We can now ask the question whether      is thermal, i.e. whether it is 
equal to its microcanonical average         :

Eigenstate Thermalization Hypothesis
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Ō
?
= Omc ⌘

1

N

X

E��<En<E+�

hn|O|ni

<latexit sha1_base64="2xVaqtZhQt0tOD4F+c/dKA/VuhI="></latexit><latexit sha1_base64="2xVaqtZhQt0tOD4F+c/dKA/VuhI="></latexit><latexit sha1_base64="2xVaqtZhQt0tOD4F+c/dKA/VuhI="></latexit><latexit sha1_base64="2xVaqtZhQt0tOD4F+c/dKA/VuhI="></latexit>

Ō
<latexit sha1_base64="ULCg8gm9wuIRXJo4f4YoRkt9+h4=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF29WsB/QhDLZbtulm03c3RRK6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPzwkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTlo5TRVmTxiJWnRA1E1yypuFGsE6iGEahYO1wfDv32xOmNI/lo5kmLIhwKPmAUzRWCvwQVeZTFOR+Rnrlilt1FyDrxMtJBXI0euUvvx/TNGLSUIFadz03MUGGynAq2Kzkp5olSMc4ZF1LJUZMB9ni6Bm5sEqfDGJlSxqyUH9PZBhpPY1C2xmhGelVby7+53VTM7gJMi6T1DBJl4sGqSAmJvMESJ8rRo2YWoJUcXsroSNUSI3NqWRD8FZfXietWtVzq97DVaVey+MowhmcwyV4cA11uIMGNIHCEzzDK7w5E+fFeXc+lq0FJ585hT9wPn8ADeSRkA==</latexit><latexit sha1_base64="ULCg8gm9wuIRXJo4f4YoRkt9+h4=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF29WsB/QhDLZbtulm03c3RRK6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPzwkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTlo5TRVmTxiJWnRA1E1yypuFGsE6iGEahYO1wfDv32xOmNI/lo5kmLIhwKPmAUzRWCvwQVeZTFOR+Rnrlilt1FyDrxMtJBXI0euUvvx/TNGLSUIFadz03MUGGynAq2Kzkp5olSMc4ZF1LJUZMB9ni6Bm5sEqfDGJlSxqyUH9PZBhpPY1C2xmhGelVby7+53VTM7gJMi6T1DBJl4sGqSAmJvMESJ8rRo2YWoJUcXsroSNUSI3NqWRD8FZfXietWtVzq97DVaVey+MowhmcwyV4cA11uIMGNIHCEzzDK7w5E+fFeXc+lq0FJ585hT9wPn8ADeSRkA==</latexit><latexit sha1_base64="ULCg8gm9wuIRXJo4f4YoRkt9+h4=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF29WsB/QhDLZbtulm03c3RRK6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPzwkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTlo5TRVmTxiJWnRA1E1yypuFGsE6iGEahYO1wfDv32xOmNI/lo5kmLIhwKPmAUzRWCvwQVeZTFOR+Rnrlilt1FyDrxMtJBXI0euUvvx/TNGLSUIFadz03MUGGynAq2Kzkp5olSMc4ZF1LJUZMB9ni6Bm5sEqfDGJlSxqyUH9PZBhpPY1C2xmhGelVby7+53VTM7gJMi6T1DBJl4sGqSAmJvMESJ8rRo2YWoJUcXsroSNUSI3NqWRD8FZfXietWtVzq97DVaVey+MowhmcwyV4cA11uIMGNIHCEzzDK7w5E+fFeXc+lq0FJ585hT9wPn8ADeSRkA==</latexit><latexit sha1_base64="ULCg8gm9wuIRXJo4f4YoRkt9+h4=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF29WsB/QhDLZbtulm03c3RRK6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPzwkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTlo5TRVmTxiJWnRA1E1yypuFGsE6iGEahYO1wfDv32xOmNI/lo5kmLIhwKPmAUzRWCvwQVeZTFOR+Rnrlilt1FyDrxMtJBXI0euUvvx/TNGLSUIFadz03MUGGynAq2Kzkp5olSMc4ZF1LJUZMB9ni6Bm5sEqfDGJlSxqyUH9PZBhpPY1C2xmhGelVby7+53VTM7gJMi6T1DBJl4sGqSAmJvMESJ8rRo2YWoJUcXsroSNUSI3NqWRD8FZfXietWtVzq97DVaVey+MowhmcwyV4cA11uIMGNIHCEzzDK7w5E+fFeXc+lq0FJ585hT9wPn8ADeSRkA==</latexit>

Omc
<latexit sha1_base64="ytmbc5IU2Uk7UXTFNtWkpzuzpKo=">AAAB9HicbVBNS8NAEJ3Ur1q/oh69LBbBU0mKoMeCF29WsB/QhrLZbtqlu5u4uymUkN/hxYMiXv0x3vw3btsctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6P3OOTto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh5Hbud6ZUaRbLRzNLaCDwSLKIEWysFGR9gjm6zweZIPnArXo1bwG0TvyCVKFAc+B+9YcxSQWVhnCsdc/3EhNkWBlGOM0r/VTTBJMJHtGepRILqoNscXSOLqwyRFGsbEmDFurviQwLrWcitJ0Cm7Fe9ebif14vNdFNkDGZpIZKslwUpRyZGM0TQEOmKDF8ZgkmitlbERljhYmxOVVsCP7qy+ukXa/5Xs1/uKo26kUcZTiDc7gEH66hAXfQhBYQeIJneIU3Z+q8OO/Ox7K15BQzp/AHzucPwGCSBg==</latexit><latexit sha1_base64="ytmbc5IU2Uk7UXTFNtWkpzuzpKo=">AAAB9HicbVBNS8NAEJ3Ur1q/oh69LBbBU0mKoMeCF29WsB/QhrLZbtqlu5u4uymUkN/hxYMiXv0x3vw3btsctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6P3OOTto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh5Hbud6ZUaRbLRzNLaCDwSLKIEWysFGR9gjm6zweZIPnArXo1bwG0TvyCVKFAc+B+9YcxSQWVhnCsdc/3EhNkWBlGOM0r/VTTBJMJHtGepRILqoNscXSOLqwyRFGsbEmDFurviQwLrWcitJ0Cm7Fe9ebif14vNdFNkDGZpIZKslwUpRyZGM0TQEOmKDF8ZgkmitlbERljhYmxOVVsCP7qy+ukXa/5Xs1/uKo26kUcZTiDc7gEH66hAXfQhBYQeIJneIU3Z+q8OO/Ox7K15BQzp/AHzucPwGCSBg==</latexit><latexit sha1_base64="ytmbc5IU2Uk7UXTFNtWkpzuzpKo=">AAAB9HicbVBNS8NAEJ3Ur1q/oh69LBbBU0mKoMeCF29WsB/QhrLZbtqlu5u4uymUkN/hxYMiXv0x3vw3btsctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6P3OOTto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh5Hbud6ZUaRbLRzNLaCDwSLKIEWysFGR9gjm6zweZIPnArXo1bwG0TvyCVKFAc+B+9YcxSQWVhnCsdc/3EhNkWBlGOM0r/VTTBJMJHtGepRILqoNscXSOLqwyRFGsbEmDFurviQwLrWcitJ0Cm7Fe9ebif14vNdFNkDGZpIZKslwUpRyZGM0TQEOmKDF8ZgkmitlbERljhYmxOVVsCP7qy+ukXa/5Xs1/uKo26kUcZTiDc7gEH66hAXfQhBYQeIJneIU3Z+q8OO/Ox7K15BQzp/AHzucPwGCSBg==</latexit><latexit sha1_base64="ytmbc5IU2Uk7UXTFNtWkpzuzpKo=">AAAB9HicbVBNS8NAEJ3Ur1q/oh69LBbBU0mKoMeCF29WsB/QhrLZbtqlu5u4uymUkN/hxYMiXv0x3vw3btsctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6P3OOTto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh5Hbud6ZUaRbLRzNLaCDwSLKIEWysFGR9gjm6zweZIPnArXo1bwG0TvyCVKFAc+B+9YcxSQWVhnCsdc/3EhNkWBlGOM0r/VTTBJMJHtGepRILqoNscXSOLqwyRFGsbEmDFurviQwLrWcitJ0Cm7Fe9ebif14vNdFNkDGZpIZKslwUpRyZGM0TQEOmKDF8ZgkmitlbERljhYmxOVVsCP7qy+ukXa/5Xs1/uKo26kUcZTiDc7gEH66hAXfQhBYQeIJneIU3Z+q8OO/Ox7K15BQzp/AHzucPwGCSBg==</latexit>

N
<latexit sha1_base64="xz95+YPUr+RiXbbEF3myxdVyRTw=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxZNEMA9JljA7mSRDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uKJHCou9/e2vrG5tb24Wd4u7e/sFh6ei4aePUMN5gsYxNO6KWS6F5AwVK3k4MpyqSvBWNb2Z+64kbK2L9gJOEh4oOtRgIRtFJj1mXUUnupqRXKvsVfw6ySoKclCFHvVf66vZjliqukUlqbSfwEwwzalAwyafFbmp5QtmYDnnHUU0Vt2E2P3hKzp3SJ4PYuNJI5urviYwqaycqcp2K4sguezPxP6+T4uA6zIROUuSaLRYNUkkwJrPvSV8YzlBOHKHMCHcrYSNqKEOXUdGFECy/vEqa1UrgV4L7y3KtmsdRgFM4gwsI4ApqcAt1aAADBc/wCm+e8V68d+9j0brm5TMn8Afe5w8IP4/W</latexit><latexit sha1_base64="xz95+YPUr+RiXbbEF3myxdVyRTw=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxZNEMA9JljA7mSRDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uKJHCou9/e2vrG5tb24Wd4u7e/sFh6ei4aePUMN5gsYxNO6KWS6F5AwVK3k4MpyqSvBWNb2Z+64kbK2L9gJOEh4oOtRgIRtFJj1mXUUnupqRXKvsVfw6ySoKclCFHvVf66vZjliqukUlqbSfwEwwzalAwyafFbmp5QtmYDnnHUU0Vt2E2P3hKzp3SJ4PYuNJI5urviYwqaycqcp2K4sguezPxP6+T4uA6zIROUuSaLRYNUkkwJrPvSV8YzlBOHKHMCHcrYSNqKEOXUdGFECy/vEqa1UrgV4L7y3KtmsdRgFM4gwsI4ApqcAt1aAADBc/wCm+e8V68d+9j0brm5TMn8Afe5w8IP4/W</latexit><latexit sha1_base64="xz95+YPUr+RiXbbEF3myxdVyRTw=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxZNEMA9JljA7mSRDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uKJHCou9/e2vrG5tb24Wd4u7e/sFh6ei4aePUMN5gsYxNO6KWS6F5AwVK3k4MpyqSvBWNb2Z+64kbK2L9gJOEh4oOtRgIRtFJj1mXUUnupqRXKvsVfw6ySoKclCFHvVf66vZjliqukUlqbSfwEwwzalAwyafFbmp5QtmYDnnHUU0Vt2E2P3hKzp3SJ4PYuNJI5urviYwqaycqcp2K4sguezPxP6+T4uA6zIROUuSaLRYNUkkwJrPvSV8YzlBOHKHMCHcrYSNqKEOXUdGFECy/vEqa1UrgV4L7y3KtmsdRgFM4gwsI4ApqcAt1aAADBc/wCm+e8V68d+9j0brm5TMn8Afe5w8IP4/W</latexit><latexit sha1_base64="xz95+YPUr+RiXbbEF3myxdVyRTw=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxZNEMA9JljA7mSRDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uKJHCou9/e2vrG5tb24Wd4u7e/sFh6ei4aePUMN5gsYxNO6KWS6F5AwVK3k4MpyqSvBWNb2Z+64kbK2L9gJOEh4oOtRgIRtFJj1mXUUnupqRXKvsVfw6ySoKclCFHvVf66vZjliqukUlqbSfwEwwzalAwyafFbmp5QtmYDnnHUU0Vt2E2P3hKzp3SJ4PYuNJI5urviYwqaycqcp2K4sguezPxP6+T4uA6zIROUuSaLRYNUkkwJrPvSV8YzlBOHKHMCHcrYSNqKEOXUdGFECy/vEqa1UrgV4L7y3KtmsdRgFM4gwsI4ApqcAt1aAADBc/wCm+e8V68d+9j0brm5TMn8Afe5w8IP4/W</latexit> : no of states

of states in energy 
window
E-Δ < En < E+Δ

En
<latexit sha1_base64="1aHGGyuJaAquPqRvL9Rkpf1NP0A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FETxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3Mz9zhPXRsTqEacJ9yM6UiIUjKKVHm4HalCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6vKo1aHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPxWijZo=</latexit><latexit sha1_base64="1aHGGyuJaAquPqRvL9Rkpf1NP0A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FETxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3Mz9zhPXRsTqEacJ9yM6UiIUjKKVHm4HalCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6vKo1aHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPxWijZo=</latexit><latexit sha1_base64="1aHGGyuJaAquPqRvL9Rkpf1NP0A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FETxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3Mz9zhPXRsTqEacJ9yM6UiIUjKKVHm4HalCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6vKo1aHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPxWijZo=</latexit><latexit sha1_base64="1aHGGyuJaAquPqRvL9Rkpf1NP0A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FETxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3Mz9zhPXRsTqEacJ9yM6UiIUjKKVHm4HalCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqp5b9e6vKo1aHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPxWijZo=</latexit>

|cn|2
<latexit sha1_base64="Bu4hYh858FHMvtNWfLviWTBRzR4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48V7Ae0sWy2k3bpZhN2N0JJ+yO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7dxvP6HSPJYPZpKgH9Gh5CFn1FipPWV9OX2s9csVt+ouQNaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOBs1Iv1ZhQNqZD7FoqaYTazxbnzsiFVQYkjJUtachC/T2R0UjrSRTYzoiakV715uJ/Xjc14Y2fcZmkBiVbLgpTQUxM5r+TAVfIjJhYQpni9lbCRlRRZmxCJRuCt/ryOmnVqp5b9e6vKvVaHkcRzuAcLsGDa6jDHTSgCQzG8Ayv8OYkzovz7nwsWwtOPnMKf+B8/gAxHY9o</latexit><latexit sha1_base64="Bu4hYh858FHMvtNWfLviWTBRzR4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48V7Ae0sWy2k3bpZhN2N0JJ+yO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7dxvP6HSPJYPZpKgH9Gh5CFn1FipPWV9OX2s9csVt+ouQNaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOBs1Iv1ZhQNqZD7FoqaYTazxbnzsiFVQYkjJUtachC/T2R0UjrSRTYzoiakV715uJ/Xjc14Y2fcZmkBiVbLgpTQUxM5r+TAVfIjJhYQpni9lbCRlRRZmxCJRuCt/ryOmnVqp5b9e6vKvVaHkcRzuAcLsGDa6jDHTSgCQzG8Ayv8OYkzovz7nwsWwtOPnMKf+B8/gAxHY9o</latexit><latexit sha1_base64="Bu4hYh858FHMvtNWfLviWTBRzR4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48V7Ae0sWy2k3bpZhN2N0JJ+yO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7dxvP6HSPJYPZpKgH9Gh5CFn1FipPWV9OX2s9csVt+ouQNaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOBs1Iv1ZhQNqZD7FoqaYTazxbnzsiFVQYkjJUtachC/T2R0UjrSRTYzoiakV715uJ/Xjc14Y2fcZmkBiVbLgpTQUxM5r+TAVfIjJhYQpni9lbCRlRRZmxCJRuCt/ryOmnVqp5b9e6vKvVaHkcRzuAcLsGDa6jDHTSgCQzG8Ayv8OYkzovz7nwsWwtOPnMKf+B8/gAxHY9o</latexit><latexit sha1_base64="Bu4hYh858FHMvtNWfLviWTBRzR4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCF48V7Ae0sWy2k3bpZhN2N0JJ+yO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7dxvP6HSPJYPZpKgH9Gh5CFn1FipPWV9OX2s9csVt+ouQNaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOBs1Iv1ZhQNqZD7FoqaYTazxbnzsiFVQYkjJUtachC/T2R0UjrSRTYzoiakV715uJ/Xjc14Y2fcZmkBiVbLgpTQUxM5r+TAVfIjJhYQpni9lbCRlRRZmxCJRuCt/ryOmnVqp5b9e6vKvVaHkcRzuAcLsGDa6jDHTSgCQzG8Ayv8OYkzovz7nwsWwtOPnMKf+B8/gAxHY9o</latexit>

E
<latexit sha1_base64="uwy3XY140ytgZKwtgxwTGMfnHzw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCCB5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST27nfeUKleSwfzDRBP6IjyUPOqLFS825QrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJu1b13KrXvKrUa3kcRTiDc7gED66hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBlB2MuQ==</latexit><latexit sha1_base64="uwy3XY140ytgZKwtgxwTGMfnHzw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCCB5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST27nfeUKleSwfzDRBP6IjyUPOqLFS825QrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJu1b13KrXvKrUa3kcRTiDc7gED66hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBlB2MuQ==</latexit><latexit sha1_base64="uwy3XY140ytgZKwtgxwTGMfnHzw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCCB5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST27nfeUKleSwfzDRBP6IjyUPOqLFS825QrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJu1b13KrXvKrUa3kcRTiDc7gED66hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBlB2MuQ==</latexit><latexit sha1_base64="uwy3XY140ytgZKwtgxwTGMfnHzw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCCB5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST27nfeUKleSwfzDRBP6IjyUPOqLFS825QrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJu1b13KrXvKrUa3kcRTiDc7gED66hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBlB2MuQ==</latexit>



Eigenstate Thermalization Hypothesis

ETH asserts then that

for all n in the microcanonical energy window E-Δ < En < E+Δ.

If the hypothesis holds, we automatically have thermalization:

But do we in fact have                          for all states?

+ small correctionshn|O|ni = A
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3

where �x

i
and �z

i
are the Pauli matrices of the spin at site

i. We use periodic boundary conditions, so site L+1 = 1.
For nonzero values of all the parameters (g, h, and J),
this model is known to be nonintegrable; specifically, we
use the parameters (g, h, J) = (0.9045, 0.8090, 1), where
this model is robustly nonintegrable for the system sizes
we can exactly diagonalize [39].

As few-body operators, we look at the single-site op-
erators �x

i
and �z

i
(the expectation value of �y

i
is zero

due to time-reversal symmetry), and two two-site opera-
tors, �x

i
�x

i+1 and �y

i
�y

i+1 (the expectation value of �z

i
�z

i+1
is fixed by those of the single-site operators and the en-
ergy). We look at momentum eigenstates, so the results
do not depend on the site i and we fix i = 1.

Model 2. One-dimensional hard-core bosons with
nearest- and next-nearest-neighbor hopping and interac-
tion:

H =
LX

i=1

h
�t(b†

i+1bi + b†
i
bi+1) + V nini+1

i

+
LX

i=1

h
�t0(b†

i+2bi + b†
i
bi+2) + V 0nini+2

i
, (8)

where bi (b
†
i
) is the annihilation (creation) operator of a

hard-core boson on site i with [bi, bj ] = [b†
i
, b†

j
] = [bi, b

†
j
] =

0 for i 6= j and {bi, bi} = {b†
i
, b†

i
} = 0 and {bi, b†i} =

1, and ni ⌘ b†
i
bi the number of bosons at site i. The

total number of bosons N is conserved and we focus on
half-filling, N/L = 1/2 (thus only even L). We impose
periodic boundary conditions; L+1 = 1. We choose t =
V = t0 = V 0 = 1, for which this model is known to be
nonintegrable [40].

As few-body operators, we look at the three two-site
operators njnj+1, (b†

j
bj+1 + b†

j+1bj)/2, and (b†
j
bj+1 �

b†
j+1bj)/(2i), which form a basis of the observables act-
ing on two neighboring sites whose expectation values in
simultaneous eigenstates of H and momentum are not
simply dictated by this system’s symmetries and conser-
vation laws. We only consider j = 1, since we look only
at eigenstates of momentum. For this model, the expec-
tation values of all of the one-site operators do not vary
between these eigenstates, and thus are not of interest
for this study of ETH.

We first write each Hamiltonian in block-diagonal form
in the momentum basis and diagonalize each momentum
sector. Then we collect results from all momenta and
sort the exact many-body eigenstates in ascending or-
der of energy. Although level statistics should be car-
ried out within each momentum sector, ETH should be
valid regardless of discrete symmetries [10]. Since the
eigenstates with positive and negative momenta map on
to one another under time reversal, we only diagonal-
ize non-negative momenta 0  k  L/2. A state with
momentum k has eigenvalue exp (i2⇡k/L) under the op-
erator that translates the system by one lattice spacing.
The lengths of the systems we diagonalize are L = 12 to

FIG. 1: Diagonal elements of a few-body operator in energy
eigenbasis vs. energy density. The darker, the larger the
system size. (a) Ising Hamiltonian (Eq. (7)). The operator is
�
x
1 . (b) Hard-core boson Hamiltonian (Eq. (8)). The operator

is n1n2 = b
†
1b1b

†
2b2. For both cases, the fluctuations become

smaller as the system size increases.

19 (18 for the Floquet operator) for Model 1, and even
L’s from 14 to 22 for Model 2.

III. RESULTS

For the Ising model (Eq. (7)), we present results for the
operator �x

1 , unless otherwise specified. For the hard-core
boson model (Eq. (8)), we present results for the operator
n1n2, unless otherwise specified. The results of the other
three operators are qualitatively the same and given in
Appendix B.

A. Distribution of |r|

Figure 1 shows the expectation values in each energy
eigenstate vs. its energy density. It is clear that as
we increase the system size (approaching the thermody-
namic limit), these fluctuations reduce and the expecta-

Eigenstate Thermalization Hypothesis

What should the expectation values (EVs)               look like in a
model where ETH holds?

For this choice of parameters, the EVs conform to
ETH predictions: as the system size L gets larger, the deviation
of EVs from their mean at a given energy shrinks.

hn|O|ni = Ō
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1D quantum Ising:

J=1, g=0.9045, h=0.8090

Kim, Ikeda, Huse, PRE 90, 052105 (2014) 
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z
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But what would happen if there was an outlier state, a state whose EV did 
not approach the mean with increasing system size, i.e.

Such a state is know as a “rare” state.  If it were to exist, it would
represent a violation of “strong” ETH.  It is possible for rare states to exist
but still have 

In this case one says that “weak” ETH still is valid.

3

where �x

i
and �z

i
are the Pauli matrices of the spin at site

i. We use periodic boundary conditions, so site L+1 = 1.
For nonzero values of all the parameters (g, h, and J),
this model is known to be nonintegrable; specifically, we
use the parameters (g, h, J) = (0.9045, 0.8090, 1), where
this model is robustly nonintegrable for the system sizes
we can exactly diagonalize [39].

As few-body operators, we look at the single-site op-
erators �x

i
and �z

i
(the expectation value of �y

i
is zero

due to time-reversal symmetry), and two two-site opera-
tors, �x

i
�x

i+1 and �y

i
�y

i+1 (the expectation value of �z

i
�z

i+1
is fixed by those of the single-site operators and the en-
ergy). We look at momentum eigenstates, so the results
do not depend on the site i and we fix i = 1.

Model 2. One-dimensional hard-core bosons with
nearest- and next-nearest-neighbor hopping and interac-
tion:

H =
LX

i=1

h
�t(b†

i+1bi + b†
i
bi+1) + V nini+1

i

+
LX

i=1

h
�t0(b†

i+2bi + b†
i
bi+2) + V 0nini+2

i
, (8)

where bi (b
†
i
) is the annihilation (creation) operator of a

hard-core boson on site i with [bi, bj ] = [b†
i
, b†

j
] = [bi, b

†
j
] =

0 for i 6= j and {bi, bi} = {b†
i
, b†

i
} = 0 and {bi, b†i} =

1, and ni ⌘ b†
i
bi the number of bosons at site i. The

total number of bosons N is conserved and we focus on
half-filling, N/L = 1/2 (thus only even L). We impose
periodic boundary conditions; L+1 = 1. We choose t =
V = t0 = V 0 = 1, for which this model is known to be
nonintegrable [40].

As few-body operators, we look at the three two-site
operators njnj+1, (b†

j
bj+1 + b†

j+1bj)/2, and (b†
j
bj+1 �

b†
j+1bj)/(2i), which form a basis of the observables act-
ing on two neighboring sites whose expectation values in
simultaneous eigenstates of H and momentum are not
simply dictated by this system’s symmetries and conser-
vation laws. We only consider j = 1, since we look only
at eigenstates of momentum. For this model, the expec-
tation values of all of the one-site operators do not vary
between these eigenstates, and thus are not of interest
for this study of ETH.

We first write each Hamiltonian in block-diagonal form
in the momentum basis and diagonalize each momentum
sector. Then we collect results from all momenta and
sort the exact many-body eigenstates in ascending or-
der of energy. Although level statistics should be car-
ried out within each momentum sector, ETH should be
valid regardless of discrete symmetries [10]. Since the
eigenstates with positive and negative momenta map on
to one another under time reversal, we only diagonal-
ize non-negative momenta 0  k  L/2. A state with
momentum k has eigenvalue exp (i2⇡k/L) under the op-
erator that translates the system by one lattice spacing.
The lengths of the systems we diagonalize are L = 12 to

FIG. 1: Diagonal elements of a few-body operator in energy
eigenbasis vs. energy density. The darker, the larger the
system size. (a) Ising Hamiltonian (Eq. (7)). The operator is
�
x
1 . (b) Hard-core boson Hamiltonian (Eq. (8)). The operator

is n1n2 = b
†
1b1b

†
2b2. For both cases, the fluctuations become

smaller as the system size increases.

19 (18 for the Floquet operator) for Model 1, and even
L’s from 14 to 22 for Model 2.

III. RESULTS

For the Ising model (Eq. (7)), we present results for the
operator �x

1 , unless otherwise specified. For the hard-core
boson model (Eq. (8)), we present results for the operator
n1n2, unless otherwise specified. The results of the other
three operators are qualitatively the same and given in
Appendix B.

A. Distribution of |r|

Figure 1 shows the expectation values in each energy
eigenstate vs. its energy density. It is clear that as
we increase the system size (approaching the thermody-
namic limit), these fluctuations reduce and the expecta-

Rare States

rare state

Ō = Omc
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In Rydberg atom platforms, there appear, apparently, ergodicity breaking 
states, so called quantum scars:

The Rydberg atom (two-level) Hamiltonian under a laser drive is given by:

We are interested in the limit that 𝑉 ≫ Ω. In this limit our Hamiltonian 
becomes very simple:

It has an effective constraint that no two excitations (spin ups) can be 
side by side.

Examples of Rare States: 
Quantum Scars in Rydberg Atom Chains

𝑋& is Pauli matrix 𝜎( on site j
𝑄& = (1 + 𝑍&)/2

𝑃& = (1 − 𝑍&)/2



This model appears to support rare states (Turner, Michailidis, Abanin, 
Serbyn, Papic, Nat. Phys. 14, 745 (2018)):

The rare states appear to be CDW states, i.e. 

Examples of Rare States: 
Quantum Scars in Rydberg Atom Chains

Expectation values of operator

𝑍1 =2
&

𝑍&

rare
states



Bound States in 1D Quantum Ising
in a Longitudinal Field



Linearly confined bound states
H = �J
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ordered ground state excited state with two domain walls with h=0, domain wall 
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h=0

ordered ground state excited state with two domain walls with h>0, a distance
d between domain walls
costs hd in energy

h>0

domain walls

domain walls



Consequences of Bound States in 
1D Quantum Ising



Entanglement growth and correlation propagation post-quench

How do entanglement and correlations spread in a system after a 
quantum quench?

There are two rules: (Cardy+Calabrese J. Stat. Mech, 2005; PRL 2006)

Rule 1, Horizon/lightcone effect: Two-point functions                          

become stationary for times 

Rule 2, Linear growth in time of SEE: For an interval 
A of length l, SEE reaches a saturation after l/2v to a 
value of ~l/β .            .

Quantum quenches in 1+1D CFT 11

t

2t 2t

l

t

2t > l

2t < l

A

B B

A

BB

Figure 1. The linear growth of
the entanglement entropy followed
by saturation can be understood in
terms of oppositely moving coher-
ent quasiparticles as pictorially re-
ported here. Reprinted with per-
mission from [33].

system should converge to a generalised Gibbs ensemble (GGE) in which all the integral

of motions are present. As firstly pointed out in [40], this is just a due to the very

special initial state (4) we considered so far. Indeed, by perturbing this initial state

with irrelevant boundary operators, it can be shown that the asymptotic state is a GGE

rather than a thermal one. We will report explicitly this argument in Sec. 2.11.

2.7. Light-cone spreading of entanglement and correlations

We have seen in the previous section that the correlation functions and the entanglement

display a non-analytic behaviour on the light-cone at t = `/2 for a conformal post-quench

evolution. These non-analyticities can be understood as a light-cone like spreading

of entanglement and correlation which can be physically motivated by the following

argument (firstly proposed in [33] and later generalised in [25, 32]). This scenario is

generically valid for a large class of quenches starting from a state with short-range

correlations and entanglement (such as the ground state of a gapped hamiltonian) and

it is not restricted to conformal invariant post-quench hamiltonians. We firstly explain

how the argument works for the entanglement entropy and after for correlations.

A generic initial state | 0i for a global quantum quench has a very high energy

relative to the ground state of the post-quench hamiltonian, and therefore acts as a

source of quasiparticle excitations. Particles emitted from di↵erent points (further apart

than the correlation length in the initial state) are incoherent, but pairs of particles

moving to the left or right from a given point are entangled. We denote with ⇢(p)

the rate of production of such a pair of particles of momenta (p,�p), The function ⇢(p)

depends on the post-quench hamiltonian H and on the initial state | 0i, and in principle

is calculable, but we do not make any assumptions on its form. We instead assume

quasi-particle propagation
post-quench



Entanglement entropy growth and propagation post-quench

This basic intuition breaks down in the absence of simple freely propagating
quasi-particles, i.e. confined bound states such as found in the quantum Ising
model:

Real time confinement following a quantum quench to a non-integrable model

M. Kormos,1 M. Collura,2 G. Takács,1, 3 and P. Calabrese2

1
MTA-BME ”Momentum” Statistical Field Theory Research Group, 1111 Budapest, Budafoki út 8, Hungary

2
SISSA and INFN, via Bonomea 265, 34136 Trieste, Italy.

3
Department of Theoretical Physics, Budapest University of Technology and Economics 1111 Budapest, Budafoki út 8, Hungary

Light cone spreading of correlations and entanglement is a key feature of the non-equilibrium quench dy-
namics of many-body quantum systems. First proposed theoretically [1], it has been experimentally revealed in
cold-atomic gases [2, 3] and it is expected to be a generic characteristic of any quench in systems with short-
range interactions and no disorder. Conversely, here we propose a mechanism that, through confinement of the
elementary excitations, strongly suppresses the light-cone spreading. Confinement is a celebrated concept in
particle physics, but it also exists in condensed matter systems, most notably in one spatial dimension where it
has been experimentally observed [4]. Our results are obtained for the Ising spin chain with transverse and lon-
gitudinal magnetic field, but the proposed mechanism is of general validity since it is based on the sole concept
of confinement and it should be easily observed in cold atom experiments.

It is widely known that some fundamental constituents of
matter, the quarks, cannot be observed free in nature because
they are confined into baryons and mesons, as a consequence
of the fact that the strong interaction between them increases
with their separation. It is less known that this phenomenon
also occurs in condensed matter and statistical physics as
nowadays experimentally demonstrated in several quasi one-
dimensional compounds [4]. Most of the theoretical and ex-
perimental studies so far concentrated on understanding the
consequences of confinement for the equilibrium physics of
both high energy and condensed matter systems. Here instead
we show that confinement has dramatic consequences for the
non-equilibrium dynamics following a quantum quench and
that this can also be used effectively as a quantitative probe of
confinement.

A global quantum quench is the non-equilibrium dynamics
initiated by a sudden change of a parameter in the Hamiltonian
of an isolated quantum system, a protocol which is routinely
engineered in cold-atom experiments [2, 3, 5–11]. Accord-
ing to a by now standard picture [1], the initial state acts as
a source of quasiparticles excitations. A quasiparticle of mo-
mentum p moves with velocity vp and carries quantum cor-
relations through the systems. Indeed, particles emitted from
regions of size of the initial correlation length are entangled,
while particles created far from each other are incoherent. If
there is a maximum speed of propagation vmax � vp (e.g.
as a consequence of the Lieb–Robinson bound [12]) all con-
nected correlations at distance ` vanish for times such that
2vmaxt < ` [1] and the entanglement entropy of an interval
of length ` grows linearly in the same time window [13]. This
scenario has been confirmed by numerous exact calculations
and numerical simulations (see e.g. [14]) both in integrable
and nonintegrable models and tested in real experiments both
for correlations [2] and entanglement [3]. To the best of our
knowledge, up to now violations of light cone spreading have
only been observed in models with quenched disorder [15]
and systems with long-range interactions [16], but these lie
beyond the range of applicability of the above argument.

How can confinement change qualitatively the spreading of
correlations? Exactly as in the standard scenario, the initial

state acts as a source of quasiparticles. Pairs of quasiparticles
move in opposite directions, but due to the confining poten-
tial the farther they go apart the stronger is the attractive force
they feel, which eventually turns the particles back leading to
an oscillatory behaviour, as depicted in Fig. 1. In analogy
to strong interaction physics, the resulting bound states are
called mesons. After a generic quench, mesons can be pro-
duced in pairs of opposite momenta, but being (as we shall
see) heavy massive particles they move much slower than the
elementary quasiparticles, resulting in light-cone phenomena
which are qualitatively different from the unconfined case.

Confinement is known to take place in one of the paradig-
matic models of statistical mechanics, namely the Ising chain
in both transverse (hz) and longitudinal (hx) magnetic fields
with Hamiltonian

H = �J

1X

j=�1

⇥
�
x

j
�
x

j+1 + hz�
z

j
+ hx�

x

j

⇤
, (1)

where �↵

j
are the Pauli matrices. This model has been already

engineered with cold atoms [17] and quench protocols have
been implemented by using Feshbach resonance [9].
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Fig. 1: Sketch...

FIG. 1: Pictorial semiclassical picture of a meson state in the Ising
model: two counter-propagating domain walls bounce back and forth
because of a confining interaction.
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The domain walls created
by the quench in the 1D
quantum Ising model do
not fly apart because of
the confining longitudinal
field.  And so the growth of
entanglement entropy is not
linear in time.

Kormos, Collura, Takács, Calabrese: 
Nature Physics (2016)
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Bound states and anomalous post-quench behaviour

Bound states lead to anomalous thermalization. But are they rare?

Consider a quench:

3

FIG. 3: Connected longitudinal spin-spin correlation function
h�x

1�
x
m+1ic after quenching to the ferromagnetic point hz = 0.25

with a longitudinal magnetic field hx = 0, 0.025, 0.05, 0.1, 0.2, 0.4.

small hx. For a quench with hx = 0, the initial state can be
written in term of the post-quench eigenstates as [25]

| 0i =
Y

k>0

(1 + iK(k)a†
k
a
†
�k

)|0i, (2)

where the explicit form of K(k) is given in [23]. Let us add
now a field hx in the post-quench Hamiltonian that confines
the fermions into mesons. If K(k) is small, the state is domi-
nated by the linear terms in the expansion of the above product
and there are only pairs of fermions with momentum (k,�k).
These can only form mesons of zero momentum. Quadratic
terms like K(k)K(k0)|k,�k, k

0
,�k

0
i are small corrections

but they produce pairs of mesons with non-zero momenta, e.g.
±(k±k

0) (higher order terms give rise to similar pairs). When
instead K(k) is of order one, all these terms are of the same
order and mesons propagate (in pairs) with their own velocity
after the quench.

For the quench reported in Fig. 3 (from hz = 0 to
hz = 0.25), K(k) is small (⌧ 1) for all momenta and prac-
tically only zero-momentum mesons are formed. It should be
however clear that zooming in the ”white” region (i.e. the
one apparently without signal) in Fig. 3, traces of mesons
with non-zero velocities should be visible. For this reason,
we report in Fig. 4 the same connected correlation already
displayed in Fig. 3 but on a different intensity scale. Here,
the orange regions correspond to values that are out of range.
All the visible signal of Fig. 3 falls in these regions. The
signal displayed in Fig. 4 is approximately 3 orders of mag-
nitude smaller than that in Fig. 3 and shows a feeble light
cone characterised by a velocity different from that of the do-
main walls (dashed lines). We report the maximum value of
the meson velocity (full lines) obtained in the low density ap-
proximation: it is evident that for all values of hx this velocity
describes incredibly well the slope of the light cone.

It is very important to stress once more that these confine-
ment effects are non-perturbative: a very small perturbation

FIG. 4: The same correlation function in Fig. 3 but on a different
scale: the plotted signal is around 10�3 times the one in Fig. 3 and
the orange regions represent out of range values of the correlation
function.

such as hx = 0.025 is enough to destroy completely the sharp
light cone of the integrable model.

As a further confirmation of the above scenario it is natural
to consider a very large quench to a confining Hamiltonian in
such a way that K(k) in Eq. (2) is not small and mesons with
non-zero velocities are formed with high probability. In Fig. 5
(top) we report the connected correlations corresponding to a
quench from the paramagnetic phase (hz = 2, hx = 0) to the
ferromagnetic confining one (hz = 0.25, varying hx). In this
case the light cones are visible without zooming. Their veloc-
ities always correspond to the maximal speed of the mesons
(reported as a straight line). A final check for the validity
of the overall scenario is that for quenches to the paramag-
netic phase in the presence of an external longitudinal field
there should not be any strong change in the light-cone since
there is no confinement. This is quite apparent in Fig. 5 (bot-
tom) where we report the data for a quench from hz = 2 and
hx = 0 to hz = 1.75 and varying hx. It is clear that adding
the magnetic field hx does not alter the qualitative shape of
the light-cone.

We have also studied the connected correlation function of
the transverse component of the spin (density in the fermionic
language). This correlation function also reflects the change
of the light cone due to the modified velocity of the mesons.
We report the corresponding density plots in the Supplemen-
tary Material [23]. Furthermore, we also examined quenches
from and to several other values of the two magnetic fields
in the Hamiltonian, and the overall picture for the correlation
functions is found to be the one we extracted from the first few
examples, so we stress that our conclusions are very general
and not limited to the reported cases.

Entanglement entropy is another important probe (indeed
a true smoking gun) for the quasi-particle propagation and
hence light cone effects [13]. It is defined as the von Neu-
mann entropy SA = �Tr⇢A ln ⇢A of the reduced density ma-
trix ⇢A of a subsystem A. This can be readily accessed by the

h=0                   h=0.025             h=0.05       

h=0.1                  h=0.2                     h=0.4       
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Studying Bound States as Rare States via the
Truncated Spectrum Approach



Truncated Spectrum Approach (TSA)
This approach is an approach for treating continuum theories.  So we are not 
going to treat

but its continuum version instead, a theory of a massive relativistic Majorana 
fermion

Here there is an important question of whether a lattice model and a continuum 
model should see the same thermalization patterns.

TSA: Methodology works by treating the field theory in finite volume and finite 
UV cutoff.  Effects of the UV cutoff are ameliorated with RG strategies.

Review: A. James, RMK, P. Lecheminant, N. Robinson, A. Tsvelik,
Reports in Progress in Physics 81 (2018)
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5

TABLE I. The number of computational basis states Nstates
in the zero momentum sector, as a function of energy cutoff
E⇤ for a system of size R = 35.

E⇤ Nstates
8 2305
9 6269

9.5 9809
10 15309

10.5 23498

where R is the system size and R0 > 0 is a dimension-
ful constant. To examine whether Eqs. (12) hold in the
perturbed Ising field theory, we compute the expectation
value of the local spin operator �(0) within eigenstates
[so-called eigenstate expectation values (EEVs)] in a fi-
nite volume, R. Results as a function of energy density
E/R with m = 1, g = 0.1 for R = 25, 35, 45 are presented
in Figs. 2. It is immediately apparent that in the finite
volume EEVs are not a smooth function of the energy:
in particular there is a clear band of states lying above
the majority with significantly different EEVs.

The unusual nature of this band of states is further
highlighted by a comparison to the MCE result for the
expectation value, constructed by averaging over an en-
ergy window of �E = 0.1. Error bars on the MCE re-
flect the standard deviation of the data averaged over.78
It is clear that numerous states fall outside the MCE pre-
diction (plus one standard deviation), both close to the
threshold of the multi-particle continuum (E/R ⇠ 0), as
well as at energies far within the continuum. The band
of states above the continuum, whose EEVs differ signifi-
cantly from the MCE result, are rare states by definition:
their EEVs are nonthermal.

We note that when reading figures such as Fig. 2, one
should always regard EEVs at larger energy densities as
having truncation effects. This can be seen, for example,
in the upturn of the MCE (increase in the gradient of the
slope as a function of E/R) at higher energy densities in
Figs. 2(b) and (c) (this also occurs in Fig. 2(a) at higher
energy densities than plotted), and the decrease in spread
of the continuum at larger energy densities. Convergence
checks as a function of energy cutoff are presented in Ap-
pendix A; it should be noted that the separation between
the rare states and multiparticle continuum is well con-

verged and not a truncation effect. We also note that the
MCE converges rapidly in the energy cutoff. In the next
section, we examine the issue of finite size scaling: does
this difference between rare and thermal states persist to
the infinite volume?

Before moving on to the finite size scaling, it is worth
briefly commenting on the energy cutoff E⇤ as a function
of system size R. As we see in the definition of the single
particle dispersion relation, Eq. (9), at fixed energy cutoff
E⇤, as R is varied the maximum value of the integer p⌫ is
increased. Thus to keep a fixed energy cutoff, one needs
to consider polynomially more states as R is increased.
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FIG. 2. Comparison of the eigenstate expectation values
(EEV, black) of the local magnetization � with the micro-
canonical ensemble prediction (MCE, orange) for eigenstates
at energy density E/R in the Ising field theory (2) with m = 1,
g = 0.1 on the ring of size (a) R = 25; (b) R = 35; (c) R = 45.
Eigenstates are constructed via the TSM with an energy cut-
off of (a) E⇤ = 13.5; (b) E⇤ = 10.5; (c) E⇤ = 9. States
containing up to ten particles are considered in the truncated
Hilbert space. The MCE is constructed by uniformly averag-
ing over an energy window of size �E = 0.1, with error bars
denoting the standard deviation.

Linearly confined bound states as rare states

There exists a branch of states
that do not match the 
microcanonical ensemble,
i.e. rare states.

We know these states are bound
states because we can solve
a Bethe-Salpeter equation that
gives us the wavefunction and
energies of the bound states.

Microcanonical average

Eigenstate Expectation Values for Ising

Does this survive into the thermodynamic limit?  Ask me if 
curious.

H
1D Quantum Ising =

Z
dx

8⇡
[iv( ̄@x ̄ �  @x )� 2im ̄ + h�]

Bound states



Can Rare States Control Post-Quench Thermalization

Or is their existence consistent with weak ETH?  

If we initialize the system in a rare state for one value of h and then 
quench to a different value of, we find the expectation value does not 
equilibriate to the microcanonical value. 12

rized in Table I, with the n = 100 initial eigenstate being
a rare state (the DE and MCE disagree outside one stan-
dard deviation). All other states are thermal, in the sense
that the DE agrees with the MCE prediction (within one
standard deviation), cf. Fig. 9(a).

n En h�(0)iDE

100 5.19928 -0.32158
185 5.21496 -0.550455
333 5.15805 -0.657668
352 5.19533 -0.718688
502 5.19786 -0.83252

TABLE I. The energy En = h n|Hf | ni and diagonal en-
semble result for the local spin operator h�(0)iDE for the
nth eigenstate of the initial Hamiltonian (2) Hi = H(1, 0.1),
constructed with energy cutoff E⇤ in the TSM procedure.
The state is time evolved according to the final Hamilto-
nian Hf = H(1, 0.2). The n = 100 state is a rare state,
whilst the others are broadly consistent with the microcanon-
ical ensemble, see Figs. 9 and 12. The microcanonical result
h�(0)iMCE = �0.693097 ± �0.129259, with the uncertainty
showing the standard deviation of values averaged over in the
energy window of width �E = 0.1.

Having chosen our initial states with similar energies,
we compute their time-evolution using the TSM+CHEB
explained in Sec. IV B 1. The time-evolution of the local
magnetization �(0) is shown in the solid lines of Fig. 12,
with dashed lines of the same color corresponding to the
DE prediction. The shaded region shows the MCE pre-
diction, with the vertical extent denoting the standard
deviation of the data average over. As expect, the ther-
malizing states have time-evolution compatible with re-
laxation to the MCE and DE predictions (some of the
thermalizing states selected, e.g. n = 185 and n = 502,
are one the edges of what we call thermal) On the other
hand, the rare state, n = 100, is oscillation about a value
consistent with the DE result, which is far from the MCE
prediction.

In examining Fig. 12, we do see some apparent dif-
ferences between the time-evolution of the rare states
and close-in-energy thermal states. The rare state,
n = 100, exhibits large amplitude low frequency oscil-
lations, whilst the thermal states have many more oscil-
lations frequencies, highlighted in the power spectrums
of Fig. 13. The relaxation towards the DE/MCE of the
thermal state is rapid, with only small amplitude oscilla-
tions beyond times t ⇠ 30. In contrast, the rare state still
has large amplitude oscillations at the longest accessible
times, and it is not entirely clear that these are decay
within the time frame mt ⇠ 100. This suggests that one
can diagnose rare states even in the short time dynam-
ics by looking for states which exhibit large (and slow
decaying) oscillations in observables. Link to the back-
and-forth bouncing of the mesons in Gabor/Pasquale’s
works?
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FIG. 12. Time-evolution of the local spin operator �(0) fol-
lowing a quench Hi = H(1, 0.1) ! Hf = H(1, 0.2) computed
via TSM+CHEB. Each data set starts from a different eigen-
state n of the initial Hamiltonian. Dashed lines denote the di-
agonal ensemble prediction for the long time limit, whilst the
shaded region shows the thermal result from the microcanon-
ical ensemble (with the uncertainty representing the standard
deviation of the data averaged over).
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FIG. 13. Power spectrum |�(!)|2 for the n = 100 rare state
(upper panel); n = 333, 352 thermalizing states (lower panel)
computed from the data presented in Fig. 12.

Time evolution following
a quench from h=0.1
to h=0.2.

We choose as initial
conditions different
eigenstates of the h=0.1
Hamiltonian. State 100 
here is a rare state.

rare state

microcanonical
window

Chebyshev methods for TSA: T. Rakovszky, M. 
Mestyán, M. Collura, M. Kormos, and G. Takács, Nucl. 
Phys. B 911, 805 (2016)



Are the Existence of Rare States a Feature of the Continuum?

Answer: No (probably).

They seem to appear in the lattice 
model as well:

fDMRG computation on a 40-site 
lattice with first 200 states plotted.

OBCs are used – here bound states 
are boundary bound states 
involving a single fermion.
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FIG. 19. The EEV spectrum obtained by DMRG on the finite
lattice of N sites for the Hamiltonian (30) with J = �1, hx

=

�0.5 and h
z
= 0.05. Here we consider the total magnetization

of the eigenstates relative to the ground state, as a function of
energy (relative to the ground state energy E0). See Fig. 17
for further details.
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FIG. 20. The EEV spectrum for m = 1, g = 0.1 in systems
of sizes R = 25 � 45 (see Figs. 2 for details). Here we plot
the total magnetization (relative to the ground state) as a
function of energy (relative to the ground state). We see that
the meson states are well converged as a function of system
size R, while the thermal continuum is qualitatively converged
(in the sense that the features are correct, but the density of
state increases with increasing R). Note the striking similarity
to Fig. 19.

for different values of N (R). The thermal continuum is
also qualitatively well converged at low energies, in the
sense that the features are correct, but the density of
states increases with increasing N (R).

In Figs. 19 and 20, it is nevertheless easy to see that
the meson states in the low-energy part of the spectrum
remain well-separated from the thermal continuum, and
results are converged to the thermodynamic limit, being
independent of N and R.

VI. CONCLUSIONS

ETH is key to understanding whether quantum sys-
tems thermalize. When ETH is valid, and matrix ele-
ments of operators in the eigenbasis satisfy Eq. (1), ex-
pectation values of operators within an eigenstate are
thermal, and dynamics following a quantum quench are
expected to lead to thermalization. In this work, we
have shown an explicit example of a nonintegrable model,
Eq. (2) and its lattice regularization Eq. (30), where ETH
is violated. This is signalled through the presence of rare
states in the spectrum, with expectation values within
these states being nonthermal.

To show this, we used TSMs and explicitly construct
the low-energy spectrum of the theory. With the eigen-
states at hand, we established the nature of the rare
states that violate ETH: they arise as a direct result of
confinement, corresponding to the well-known “meson”
states: single particle excitations that can have exten-
sive energy (E / R). These excitations are formed from
pairs of linearly confined “domain wall fermions” and
remain kinematically stable far above the threshold of
the multiparticle continuum. This surprising result can,
however, be understood by means of perturbative cal-
culations of the meson lifetime and energy corrections,
combining both a standard Bethe-Salpeter analysis for
the mesons with a perturbative treatment of the meson-
to-four-fermion vertices. This reveals only a very weak
hybridization of the meson with the multiparticle contin-
uum. This implies that just slight dressing of the two-
fermion excitation can render the excitation absolutely
stable. A finite size scaling TSM analysis is consistent
with the meson states remaining nonthermal in the infi-
nite volume limit, see Figs. 3 and 20.

With rare states established within the spectrum of the
model through the study of EEVs, we turned our atten-
tion to understanding their influence on nonequilibrium
dynamics. We first showed, through construction of the
diagonal ensemble, that certain quantum quenches ex-
hibit an absence of thermalization in the infinite time
limit. This is in spite of the fact that our model is non-
integrable. Subsequent studies of the real-time nonequi-
librium time evolution of observables revealed that rare
states have EVs that show large amplitude, low frequency
oscillations that appear not to decay on relatively long
time scales t ⇠ 100|m|�1. This should be contrasted to
thermalizing states, which rapidly relax to their thermal
values, showing only small fluctuations about their diag-
onal ensemble value. These difference may help diagnose
rare states in experiments on, e.g., cold atoms.

Finally, we addressed whether the violation of ETH
in (2) is related to the scaling limit. To do so, we consid-
ered the lattice regularization of the model (e.g., the spin
chain whose scaling limit gives the field theory) explic-
itly away from the scaling limit. Using DMRG we con-
structed the low-energy spectrum and present the EEV
spectrum (at low energies). This has striking similarities
to the EEV spectrum in the scaling limit, including the

bound states
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for different values of N (R). The thermal continuum is
also qualitatively well converged at low energies, in the
sense that the features are correct, but the density of
states increases with increasing N (R).

In Figs. 19 and 20, it is nevertheless easy to see that
the meson states in the low-energy part of the spectrum
remain well-separated from the thermal continuum, and
results are converged to the thermodynamic limit, being
independent of N and R.

VI. CONCLUSIONS

ETH is key to understanding whether quantum sys-
tems thermalize. When ETH is valid, and matrix ele-
ments of operators in the eigenbasis satisfy Eq. (1), ex-
pectation values of operators within an eigenstate are
thermal, and dynamics following a quantum quench are
expected to lead to thermalization. In this work, we
have shown an explicit example of a nonintegrable model,
Eq. (2) and its lattice regularization Eq. (30), where ETH
is violated. This is signalled through the presence of rare
states in the spectrum, with expectation values within
these states being nonthermal.

To show this, we used TSMs and explicitly construct
the low-energy spectrum of the theory. With the eigen-
states at hand, we established the nature of the rare
states that violate ETH: they arise as a direct result of
confinement, corresponding to the well-known “meson”
states: single particle excitations that can have exten-
sive energy (E / R). These excitations are formed from
pairs of linearly confined “domain wall fermions” and
remain kinematically stable far above the threshold of
the multiparticle continuum. This surprising result can,
however, be understood by means of perturbative cal-
culations of the meson lifetime and energy corrections,
combining both a standard Bethe-Salpeter analysis for
the mesons with a perturbative treatment of the meson-
to-four-fermion vertices. This reveals only a very weak
hybridization of the meson with the multiparticle contin-
uum. This implies that just slight dressing of the two-
fermion excitation can render the excitation absolutely
stable. A finite size scaling TSM analysis is consistent
with the meson states remaining nonthermal in the infi-
nite volume limit, see Figs. 3 and 20.

With rare states established within the spectrum of the
model through the study of EEVs, we turned our atten-
tion to understanding their influence on nonequilibrium
dynamics. We first showed, through construction of the
diagonal ensemble, that certain quantum quenches ex-
hibit an absence of thermalization in the infinite time
limit. This is in spite of the fact that our model is non-
integrable. Subsequent studies of the real-time nonequi-
librium time evolution of observables revealed that rare
states have EVs that show large amplitude, low frequency
oscillations that appear not to decay on relatively long
time scales t ⇠ 100|m|�1. This should be contrasted to
thermalizing states, which rapidly relax to their thermal
values, showing only small fluctuations about their diag-
onal ensemble value. These difference may help diagnose
rare states in experiments on, e.g., cold atoms.

Finally, we addressed whether the violation of ETH
in (2) is related to the scaling limit. To do so, we consid-
ered the lattice regularization of the model (e.g., the spin
chain whose scaling limit gives the field theory) explic-
itly away from the scaling limit. Using DMRG we con-
structed the low-energy spectrum and present the EEV
spectrum (at low energies). This has striking similarities
to the EEV spectrum in the scaling limit, including the

As a comparison, our continuum
results.



Dynamical Many-body Localization



Basic Setup

1D Bose Gas Under a Periodic Drive:

Primary Question: How does the system’s energy evolve in 
time?  Does it flow off to infinity or remain finite?

Challenge: We need to study the time evolution to very long 
times.

H =

Z L

0
dx


� ~2

2m
 
†(x)@2 (x) + c 

†(x) †(x) (x) (x) + V cos(qx) †(x) (x)
1X
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Lieb-Liniger model Periodic kicking term



Single Particle Case

This same question has been asked in the single particle case: a quantum 
kicked rotor motor:

H = �h
2

2I
@
2
✓ + V (✓)

1X

n=1

�(t� nT )
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Here by mapping the system onto a 1D disordered Anderson model, Fishman, 
Grempel, and Prange (PRL 49, 509 (1982)) showed that there is energy 
localization.  This was later confirmed in experiments by Mark Raizen’s group:
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Generalized hydrodynamics (GHD) is a coarse grained description of a 
quantum integrable system where it is assumed that a local equilibrium exists 
that is described not only by energy conservation but conservation of all 
conserved quantities of the integrable model.

The GHD equation for the gas in the presence of an external force is:

Here                is the density of excitations with quasi-momentum l.

It is a much easier equation to solve than the fully quantum dynamics, and it 
gives one a chance to propagate the system to late times and work with large 
system sizes.

Generalized Hydrodynamics

@tn(x, t,�) + @x(veff (x, t,�)n(x, t,�)) =
@xV (x, t)

m
@�n(x, t,�)
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Results

The wave vector q and V chosen so that many-body effects are 
maximized and the chance of localization due to effects present in the 
classical limit (the Chirikov standard map) are minimized.

We see (at least) that dynamical localization occurs over very long time 
scales.

At large (but finite c), we see that the distribution (blue) of quasi-
momenta localize.  However the Fourier transform of the spatial density 
(orange) does not localize within the times that we are able to simulate.



Summary

1. We have argued that there are “rare” states in 1D quantum Ising.

- Such rare states have been recently discovered in kinetically 
constrained models where they have been termed quantum scars.

- They are also present in 2D quantum Ising.  Seeing them required 
combining TSA and MPS approaches (ask me if curious).

2. We have demonstrated that energy localization in a periodically driven 
Lieb-Liniger model occurs at least for large c and long times.


